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1. Introduction 

Throughout this article, R is a commutative ring with identity and all modules are 
unitary. We denote by -R-Mod the category of i?-modules. For an i?-module M, the 
Pontryagin dual or character module Hom^(M, Q/Z) is denoted by M + . 

Recall from White [16] that an .R-module C is said to be semidualizing if C admits a 
degreewise finite projective resolution, the natural homothety map R — > Homp(C, C) is 
an isomorphism and Ext^ 1 (C, C) = 0. Examples include the rank one free module and a 
dualizing (canonical) module when one exists. With this notion, the Auslander class and 
the Bass class with respect to a semidualizing i?-module C, denoted by Ac{R) and Bc(R) 
respectively, can be defined and studied naturally. It is well known that there exists the 
following equivalence of categories: 

A C (R) * B C (R) 

Hom R (C,-) 

Recently, to be a kind of generalization of the classes of Gorenstein projective and 
Gorenstein injective modules, denoted by Q{V) and QiT) respectively, Geng and Ding [9] 
introduced the notions of the Wp-Gorenstein and the WpGorenstein modules. Moreover, 
they obtained the following interesting equivalences of categories: 

C®R~ C®R- 

g{V)nA c (R) =: G{W P ) and Q{Wi) :± g(l)r\B c (R) 

Rom R (C,-) Hom H (C,-) 

where Q(Wp) and G(Wi) denote the classes of Wp-Gorenstein and W/-Gorenstein modules 
respectively. So it is naturally to ask if there exist some other classes satisfying the 
following diagram: 

g(T)r\A c (R) i -= ? 

Hom H (C,-) 

The motivation of the present article is the ?. 

We shall introduce, in section 3, the notion of the Wp-Gorenstein modules, which 
plays the role of ?. Combined with Wp-Gorenstein and WpGorenstein modules, they 
can be treated from a similar aspect as the relationship among projective, injective and 
flat modules in classical homological algebra theory. An i?-module M is said to be Wp- 
Gorenstein if there exists an exact sequence 

W. = > Wi — > W — > W° — > W 1 — >■■■ 
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in F C {R) such that M ^ im(W ->• W ) and that W. is Hom R (P c (-R), -) &ndl c {R)®R- 
exact, where Tc{R), Vc{R) and 1c{R) denote the classes of C-flat, C-projective and C- 
injective modules respectively. Furthermore, we get the following theorem demonstrating 
the relationship between the classes Q(Wf) and QFc{R) (see Theorem 3.4): 

Theorem I Let C be a semidualizing i?-module. Then we have G(W F ) = QTciR) n 
B C (R). 

Also, the t/(Wir)-projective dimension for any i?-module will be investigated in this section. 

In section 4, we first introduce the modules that arise from an iteration of the above 
construction. To wit, let G 2 (W F ) denote the class of i?-module M for which there exists 
an exact sequence 

G. = > G\ — > G — > G° — > G 1 — > ■ ■ ■ 

in G(W F ) such that M ^ im(G -»• G°) and that G. is Rom R (g(W F ), -) and Q{W F ) + ® R - 
exact. Similarly, we can also define i?-modules which belong to Q 2 {QTc{R) H Bc(R)) or 
Q 2 (T). Although the definition defined above differs from the one appeared in [14], there 
is still a good correspondence. We then apply those techniques obtained in the former 
parts of this paper to get our results concerning the stability properties of Gorenstein 
categories (see Theorem 4.5, Corollary 4.6 and Corollary 4.7). 

Theorem II Let R be a GF-closed ring and C be a semidualizing i?-module. Then the 
following hold: 

(1) g 2 {w F ) = g(w F ). 

(2) G 2 (GT C {R) n B C (R)) = GT C {R) n B C (R). 

(3) G 2 (T) = G(T). 

In the following part of this paper, let C be a semidualizing i?-module and we mainly 
recall some necessary notions and definitions in the next section. 

2. Notions and definitions 

Let X = X(R), y = y(R) be classes of i?-modules. We begin with the following 
definition. 

Definition 2.1. We write X _L y if Ext^ 1 (A A , 1") = for each object X € X and each 

object Y G y. Write X T y i/Tor^pf, Y) = for each object X G X and each object 
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Y € y. For an R-module M, write M _L y if Ext^ 1 (M, Y) = (resp., y _L M if 
Extl 1 (Y,M) = 0) for each object Y £ y. Write y T M # Tor^ (Y,M) = for each 
object Y £ y. Following [15], we say that X is a generator for y if X C y and, for each 
object Y £ y, there exists a short exact sequence 

— >Y' — ► X ^Y ^ 

m ^ suc/i i/icrf J £ Af. TTte c/ass X is a projective generator for y if X is a generator for 
y andX J_ ^. 

Definition 2.2. For any R-module M, we recall three types of resolutions. 

(1) [10, 1.5] A left X -resolution of M is an exact sequence X = •••—>• X± — )■ Xq — > 
M —■ with X n € X for all n ^ 0. 

(2) [10, 1.5] A right X-resolution of M is an exact sequence X = — > M — > X° — > 
X 1 -> • • • with X n £X for all n^O. 

Now let X be any (left or right) X-resolution of M. We say that X is co-proper if the 
sequence Hom^(X, 1") is exact for all Y € X. 

(3) [16, 1.6] A degreewise finite projective (resp., free) resolution of M is a left projective 
(resp., free) resolution P of M such that each Pi is finitely generated projective (resp., free). 
It is easy to verify that M admits a degreewise finite projective resolution if and only if M 
admits a degreewise finite free resolution. 

Definition 2.3. The X -projective dimension of an R-module M is defined as 

X-pd R (M) = inf{sup{n | X n / 0} | X is a left X-resolution of M}. 
Dually, we can also define the X-injective dimension of M. 

The next lemma has a standard proof. 

Lemma 2.4. Let M be an R-module. Consider the following exact sequence in X : 

Sf 8( t 

X = • • • > Xi > X > X_i > • • • 

Then we have the following hold: 

(1) Assume M _L X. IfXis Rom R (M, -) exact, then Ext| 1 (Af, im(<5f )) = for all i. 
Conversely, if Ext^(M, im(<5^)) = for all i, then X is Hom R (M, — ) exact. 

(2) Assume M T X. If X is M ® R - exact, then Torf^M, im(5f )) = for all i. 
Conversely, if Torf (M, im(<5f )) = for all i, then X is M (8>_r — exact. 
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Definition 2.5. An R-module M is said to be Gorenstein flat if there exists an exact 
sequence 

X = > F 1 — > F — > F° — > F 1 — > • • • 

in R-Mod with each Fj and F % flat such that M = im(F ->■ F°) and that X is I ® R - 
exact for any injective R-module I. The exact sequence X is called complete flat resolution 
ofM. 

In the following, we denote the class of Gorenstein fiat modules by G(F). 

Definition 2.6. Let R be a ring. We call R GF-closed if the class of Gorenstein flat R- 
modules is closed under extensions, that is, ifO—>X—>Y—>Z—>Oisan exact sequence 
with X and Z Gorenstein flat modules, then Y is also Gorenstein flat. 

It follows from [2] that the class of GF-closed rings includes strictly the one of coherent 
rings and the one of rings of finite weak global dimension. 

Definition 2.7. An R-module is C -projective (resp., C-flat) if it has the form C ® R P for 
some projective (resp., flat) R-module P. An R-module is C -injective if it has the form 
HoniR(C, I) for some injective R-module 1. We set 

Vc(R) = {C ®r P | P is a projective R-module} 

Tc{R) = {C ®rF I F is a flat R-module} 

Tc{R) = {HoniR(C, I) | I is an injective R-module}. 

Remark 2.8. The classes defined above are studied extensively in [12]. From there we 
know that 

(1) The classes Fc{R) and Vc(R) are closed under arbitrary direct sums and summands 
and if R is coherent, then Fc{R) is also closed under arbitrary direct products. 

(2) The class lc(R) is closed under arbitrary direct products and summands. 

Definition 2.9. An R-module N is said to be Gc-injective (Gc-inj for short) if there 
exists an exact sequence 

Y = ► Rom R (C, I 1 ) — ► Rom R (C, 1°) — > I — > h — > ■■■ 

in R-Mod with each Ii and P injective such that N = im(Hom^(C, 1°) — > Io) and that Y 
is Hom R (Ic(R), — ) exact. The exact sequence Y is called complete ZcT -resolution of N. 
An R-module T is said to be Gc-flat if there exists an exact sequence 
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Z = > F 1 — ► F — > C ®r F° — > C ®r F 1 — > ■ ■ ■ 

in R-Mod with each Fj and F i flat such that M = im(F C ®r F°) and that Z is 
Xc{R) ®r — exact. The exact sequence Z is called complete FFc -resolution of T . 

We will denote the classes of Gc-m] and Gq-^sX modules by QZc{R) and QFc(R) 
respectively. 

Remark 2.10. Similar to the proofs in [16] we can easily get that 

(1) Every C-injective R-module is Gc-inj and the class QZc{R) is coresolving and closed 
under arbitrary direct products and summands. 

(2) Every C-flat R-module is Gc-flat and the class QFc{R) is closed under arbitrary 
direct sums. 

(3) Every kernel and cokernel of a complete ZcF -resolution (resp., F Fq -resolution) 
belongs to QXc{R) (resp., QFc{R))- 

By using the definition of Gc-flat modules and Remark 2.10, the proof of the next 
lemma is a standard argument. 

Lemma 2.11. The following are equivalent for an R-module M : 

(1) M is Gc-flat. 

(2) M satisfies the following two conditions: 

(i) Tc(R) T M and 

(ii) There exists an exact sequence — s> M — s- C (E>r F° — s- C ®r F 1 — > • • • in R-Mod 
with each F % flat such that Fc{R) ®r — leaves it exact. 

(3) There exists a short exact sequence — > M — > C ®r F — > G — > in R-Mod with F 
flat and G £ GF C (R). 

Definition 2.12. The Auslander class Ac(R) with respect to C consists of all R-modules 
M satisfying 

(1 ) Torf X {C, M) = = Extl^C, C ® R M) and 

(2) The natural evaluation map hccm '■ M — >Hom^((7, C ®rM) is an isomorphism. 
Dually, the Bass class Bc{R) with respect to C consists of all R-modules N satisfying 

(1) Ext^C, AO = = Torf 1 (C,Hom R (C,iV)) and 

(2) The natural evaluation map vccn ■ C®ijHom^(C, N) — > N is an isomorphism. 
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We now state some basic results about the classes Ac(R) and Bc(R)- 

Lemma 2.13 (12). The following hold: 

(1) If any two R-modules in a short exact sequence are in Ac{R), respectively Bc{R), 
then so is the third. 

(2) The class Ac(R) contains all modules of finite flat dimension and those of finite 
Xc-injective dimension. The class Bc(R) contains all modules of finite injective dimension 
and those of finite Tc -projective dimension. 

To be a direct corollary of [12, Theorem 6.4], we have the following lemma: 

Lemma 2.14. V C {R) ± B C {R), A C {R) ± Tc{R) and A C {R) T T C (R). 

3. yVF-Gorenstein modules 

Now we introduce and investigate the notion of WF-Gorenstein modules and the cor- 
responding projective dimension for any i?-Module. 

Definition 3.1. An R-module M is said to be WF-Gorenstein if there exists an exact 
sequence 

W. = > Wi — > W — > W° — >• W l — > • • • 

in F C {R) such that M ^ im(W -> W°) and that W. is Rom R (V c (R), -) andl c {R)® R - 
exact. 

It is clear that each module in Tc(R) is WF-Gorenstein, and every kernel and cokernel 
of W, is Wi?-Gorenstein. 

In the following, we denote by Q(Wf) the class of WF-Gorenstein modules. 

Proposition 3.2. T C (R) 1- G(W F ) andl c (R) T G{W F ). 

Proof. It follows directly from Lemma 2.4 and Lemma 2.14. □ 

Proposition 3.3. Let W, = ■■■—)■ W\ — > Wq — > W° — >■ W 1 —)■••■ be an exact sequence 
in F C {R) and M ^ im(W -> W°). Then W. is Rom R (V c (R), -) exact if and only if 
M G B C (R). 

Proof. Suppose that M G Bc{R)- By Lemma 2.13, every kernel and cokernel of W, is in 
Bc{R), and so W, is Hom R (Pc{R), — ) exact by Lemma 2.4 and Lemma 2.14. 
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Conversely, if W, is Hom^('Pc(-R), — ) exact, then by Lemma 2.4 and Lemma 2.14, we 
have Vc{R) -L M. Thus, there exists an exact sequence 

> Wi — > W — ► 7° — > I 1 — > ■ ■ ■ 

in R-Mod with each F injective such that M = im(W -> 7°) and that Hom i? (Pc(-R), -) 
leaves it exact. Hence M G Bc{R) by [12, Theorem 6.1]. □ 

Now we are in position to prove the result of linking the classes QTc{R) and Q(Wf) 
together. 

Theorem 3.4. Let M be an R-module. Then M G Q(Wf) if and only if M G QTc{R) n 
B C (R). 

Proof. (=>) Let M € 5(W f ). We first have T M by Proposition 3.2. Then 

M G QFc{R) n Bc(#) by Lemma 2.11 and Proposition 3.3. 

{<=) Let M £ QTc(R) n B C {R). Since M G GT C {R), we have that T M and 

there exists an exact sequence 

— > M — >W° — > W 1 — > ■■■ 

in i?-Mod with each W % G J-'c(R) such that Ic(R) ®R — leaves it exact. On the other 
hand, since M G Bc{R), it is easy to verify that M has a proper left "Pc*(-R)-resolution 

> V\ — > Vq — > M — > 0. 

It follows from Lemma 2.13 and Lemma 2.14 that Xc{R) <8>r — leaves it exact. Thus, we 
have the following exact sequence: 

>Vi — >V — > W° — > W 1 — >■■■ 

such that M = im(Vb — >• W°). By Proposition 3.3, we know that Rom ji(Vc{R), — ) leaves 
it exact. It follows that M G G(W F )- □ 

Theorem 3.5. There exists equivalence of categories: 

C®r- 

Q{F) n Ac(R) l -= 
Homfl(C,-) 

Proof. We first show that the functor Hom^(C, — ) maps (?(VVf) to Q(J 7 )nAc{R)- Assume 
that M G G(Wf)- Then there exists an exact sequence 



W. = ► W 1 — > W — »• VF° — »• VF 1 — ► • • • 

in Jb(-R) such that M £S im(W -> W°) and that W. is Hom R (V c (R), -) and X C {R)® R - 
exact. So M G Bc{R) by Theorem 3.4, and hence every kernel and cokernel of W, is in 
Sc(-R) by Lemma 2.13. Thus, Hom i? (C,W.) is exact, moreover, Hom R (C,M) G A C (R) 
by [12, Proposition 4.1]. On the other hand, suppose that W, = C® R Fi and VP = C® R F\ 
where each and i* 1 * flat. Then we have the following exact sequence in i?-Mod: 

Hom fl (C, W.) = >Ft — ► F — ► F° — >■ F 1 — >■ • • • 

such that HomR(C, M) = im(Fo — > F°). For each injective i?-module /, we have 

/ ®r Hom fl (C, W.) = C ® R Hom^C, /) <g> fl Hom fl (C, W.) Hom i? (C, /) ® R W. 

is exact. Hence, Hom/j(C, M) G £7(.F). 

The proof ofC® R - maps £7 (J") n .Ac(-R) to Q(W F ) is similar. □ 

Corollary 3.6. Let R be a GF-closed ring. Then the class Q(Wf) is closed under exten- 
sions, kernels of epimorphisms and direct summands. 

Proof. We first show that the class G(Wf) is closed under extensions when R is GF-closed. 
Consider the following short exact sequence: 

—> M — ► N — ► K ^ 

with M and AT belong to Q{Wf)- Since M G Bc(R) by Theorem 3.4, we get the next 
exact sequence 

— ► Rom R (C,M) — »• Hom il (C,7V) — ► Hom i? (C,F) — »• 0. 

It follows from Theorem 3.5 that Hom jR (C, M) and Hom i? (C, K) belong to Q(F)r\Ac{R)- 
Thus, Horri^C, AO belongs to Q{T) n On the other hand, since iV G B C (R) 

by Lemma 2.13 and Theorem 3.4, N £S C<8>flHom fl (C, N) G by Theorem 3.5, as 

desired. 

The proof of the class G(Wf) is closed under kernels of epimorphisms and direct sum- 
mands is similar to [2, Theorem 2.3 and Corollary 2.6]. □ 

Lemma 3.7. Let R be a GF-closed ring. For every short exact sequence — > G± — > Go — > 
M -> in R-Mod with G ,Gi G G{W F ), if Torf (1 C (R), M) = 0, then M G G(W F ). 
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Proof. By the fact that the class Fq(R) is closed direct summands and [14, Lemma 4.1], 
the proof of the lemma is similar to [2, Theorem 2.3]. □ 



Theorem 3.8. Let R be a GF-closed ring and M an R-module with finite G(W F )- 
projective dimension and let n be a non-negative integer. Then the following are equivalent: 

(1) g(W F )-pd R (M) ^ n. 

(2) For every non-negative integer t such that ^ t ^ n, there exists an exact sequence 

-»■ W n -»■ ► Wi -»■ W -> M -> in R-Mod such that W t G G(W F ) and W t G F C {R) 

for i^t. 

(3) There exists a short exact sequence 0— »M— >-0in R-Mod with 
G G G(W F ) and F c {R)-pd R {K) sC n - 1. 

(^j There exists a short exact sequence — > M — ^ K' — > G' — > in R-Mod with 
G' G 5(>Vf) and JcW-pd^') < n. 

f5j T/iere exists an exact sequence — > G — > V^_i —>••••— >V^—>M—>0 in R-Mod 
with G G 5(W f ) and ^ G Pc(#) for all ^ i ^ n - 1. 

For every exact sequence — > iT n — > G n -i ~~ ^ • • • ~~ Co — > M — > in R-Mod with 
d G 5(Wf) for allO ^i^n - I, then also K n G g(W f ). 

(7; Tor" +J '(£/, M) = for all j ^ 1 and all U G 1 C (R)- 

(8) Tor n R +j (U, M) = /or a// j > 1 and all U with l c (R)-id R (U) < oo. 

Furthermore, we have that 

G{W F )-pd R (M) = sup{ n G N | Tor%(£/,M) ^ /or some ?7 G Zc(-R)} 

= sup{ n G N | Tot^U, M) ^ /or some 17 u»to l c (R)-id R {U) < oo}. 

Proo/. (2) => (3) (1) and (6) => (1) are clear. 

(1) (7) =4> (8) follow from usual dimension shifting argument. 

(1) => (2) Since the class G(W F ) is closed under extensions by Corollary 3.6, the proof 
is similar to [13, Theorem 2.6]. 

(3) => (4) Since G G G(W F ), there exist a short exact sequence 4 G -> W ^ G' ^ 
in i?-Mod with W G Tc{R) and G' G G(W F ). Now consider the following push-out 
diagram: 
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K + G M + 

K > W > K' > 

a — a 

., 

o o 

From the second row in the above diagram, we know J 7 c(i?)-pd i R(K / ) ^ n. So the third 
column is as desired. 

(4) (3) Since Fc(R)-V&r(K') ^ n, there exist a short exact sequence — s- K — > 
W -> K' -> in i?-Mod with W G F C {R) and Jb(7?)-pd R (K) < n - 1. Then consider 
the following pullback diagram: 


if — K 

o — ^ g — > w — > a — - o 

»- M > K' > G' »- 



From the second row, we know that G G Q(Wf) by Corollary 3.6. So the first column is 
as desired. 

(1) (5) It suffices to prove the case for n = 1. Assume that £/(Wir)-pd.R(M) ^ 1. 

Then there exists a short exact sequence — s- G\ — > Gq — > M — >■ in i?-Mod with 

Go, G\ G 5(Wj?). By Theorem 3.4, we know that G G Bc{R)- Thus, it is easy to verify 

that there exists a short exact sequence — > G — s- V — > Go — >■ in i?-Mod such that 

li 



V € V C {R), then also V G G(W F ). By Corollary 3.6, we have G G G(W F ). Now consider 
the following pullback diagram: 





" 

G' = G' 

" 

> G » V >- M + 



> Gi > G > M > 

" 



From the first column in the above diagram, we know that G G G(W F ) by Corollary 3.6. 
So the middle row is as desired. 

(5) (6) Let -> K n -> G n -\ ->■ • • • ->• Go -> M ->■ be an exact sequence in .R-Mod 
with each d G G(W F ), then also Gi G by Theorem 3.4. Thus, K n G Bc(fl) and 

Vc(R) -L by Lemma 2.13 and Lemma 2.14. Then we have the following commutative 
diagram with exact rows: 

^ G n > K-i *■ • • • *■ Vi > V > M > 



K n G n _i Gi G M 

Thus, the mapping cone 

o — ► G n — ► K-i e ^ — > ► Vb e Gi — ► Go — > o 

is exact. It follows from Corollary 3.6 that if„ G G(W F ). 

(8) =>- (1) By Lemma 3.7, the proof is similar to [2, Theorem 2.8]. 

The last claim is an immediate consequence of the equivalent of (1), (7) and (8). □ 

Let n be a non-negative integer. In what follows, we denote by ^-flat^„ (resp., Gc-^-^^n) 
the class of modules with finite Gorenstein flat (resp., ^(Wir)-projective) dimension at 
most n. 
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Theorem 3.9. (Foxby equivalence) Let T(R) be the class of flat modules. There are 
equivalences of categories: 



C'®R- 

Hom H (C,-) 

Q(F) n A C (R) , G{W F ) 
Hom fl (c,-) 

c® R - 

g-flat^ n n Ac{R) = : Gc-flat^ 

^ Hom fl (C,-) p 

C®R- 

Ac{R) i B C (R) 
Hom H (C,-) 



Proof. Let M be an i?-module. It suffices to prove the equivalence of categories of the 
third rows in the above diagram. 

For the third row, it suffices to prove the case for n = 1. Assume that M 6 (J^-flat^i. 
Then there exists a short exact sequence 

— ^Gi^Go^M^O 

in ill-Mod with G , Gi G G(Wf)- Since G 1 € B C (R) by Theorem 3.4, we have the following 
exact sequence in i?-Mod: 

— >• Hom^G, Gi) — ► Hom R (G, G ) — > Hom R (C, M) — >• 

with Hom^((7, Go), Hom^(C, Gi) € ^(-T 7 ) fl .4c(-R) by Theorem 3.5. Hence, by Lemma 
2.13, Hom i? (G, M) € (7-flat^i n A C (R)- 

Conversely, assume that M € G-ft&t^inAc(R) ■ Then there exists a short exact sequence 
-> Gi -> G -> M ->• in #-Mod with G , Gi € <5(.F) n A?(-R)- Since M e by 
Lemma 2.13, Tor^ 1 (G, M) = 0. Thus, there exists a short exact sequence 

— > C ®r Gi — >• G <8)fl G — > C ®rM — > 

in i?-Mod. By Theorem 3.5, we know that C® R G , C® R Gi £ Q{W F )- Hence, C® R M € 
&7-flat a . □ 

4. Stability of Categories 

We start with the following definition. 
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Definition 4.1. Let M be an R-module and n ^ 2 a integer. We say that M <G G n {Wp) 
if there exists an exact sequence 

Gj, = • • • — y G\ — y Gq — y G® — y G^ — y • • • 

in g n ~ l (W F ) such that M im(G -»• G°) and that G. is Hom R (g n - 1 (W F ), -) and 
g n - l {W F ) + ® R - exact. 

Set G°(Wf) = Fc{R), Q 1 {Wf) = £?(VVf). One can easi/t/ c/iec/c that there is a contain 
g n (W F ) C a n+1 (W F ) /or a// n > 0. 

Similarly, we can also define modules which belong to Q n {QFc{R) H Bc(R)) or Q n {F) 
for n ^ 2. 

Lemma 4.2. 1 g 2 (W F ) andl c (R) T £ 2 (W F ). 

Proof. It follows directly from Lemma 2.4, Proposition 3.2 and the fact that Vc(R) C 
£(Wf) and C □ 

Lemma 4.3. Zei R be a GF-closed ring. Then Vc{R) is a projective generator for Q(Wf) ■ 

Proof. Let M be an i?-module and M G So M € Bc(-R) by Theorem 3.4. Thus, 

we have a short exact sequence 

— y M' — yC® R P — y M — yQ 

in i?-Mod with P projective. By Corollary 3.6, we know that M' G G(Wf)- On the other 
hand, it follows from Proposition 3.2 that Vc{R) -L G(Wf)- Hence, Vc{R) is a projective 
generator for Q(Wf)- D 

Lemma 4.4. Let R be a GF-closed ring and let M be an R-module which belongs to 
2 (Wf)- Then M admits a proper left Tc{R)-resolution. 

Proof. It follows directly from the definition of modules which belong to Q 2 (Wf), Lemma 
4.2, Lemma 4.3 and [15, Lemma 2.2(b)]. □ 

Theorem 4.5. Let R be a GF-closed ring. We have G n {W F ) = G(W F ) for all n > 1. 

Proof. It suffices to prove the case for n = 2. Let M be an .R-module and M G G 2 (W F )- 
Following from Lemma 4.4, we have the following exact sequence in i?-Mod: 

(a) = y C ® R Pi — ► C ® R P — y M — y 
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with each Pj projective such that Hom^(Pc(i?), — ) leaves it exact. By Lemma 2.4, Lemma 
2.14 and Lemma 4.2, we get that Xc{R) ®r — leaves (a) exact as well. 

On the other hand, since M G Q 2 (Wf), there exists a short exact sequence — > M — > 
G -> M' ->• in i?-Mod with G G G{W F ) and M' € £ 2 (Wf). Since G G G(W F ), there 
exists a short exact sequence O^G^C <g>R F° — >■ G' —> in ii-Mod with F° flat and 
G' G G(Wf)- Then we have the following push-out diagram: 



w 

> M > G > M' 

> M > G ® R F° K ^ 

a — a 
o o 

Consider the following short exact sequence coming from the middle row of the above 
diagram: 

((3)= o^m^C® r F°^K — ► 

From the third column of the above push-out diagram, we know that Ic(R) T K by 
Proposition 3.2 and Lemma 4.2. Thus, (/?) is HomR(Vc(R), — ) and Ic(R) ®r — exact. If 
we now can construct a short exact sequence 

(n)= — > K — > C ®r F 1 — > K' — > 

in i?-Mod with F 1 flat and K' a module with the same property as K (that is, there exists 
a short exact sequence (fi) = ->■ M" -> K' -> H" in i?-Mod with M" G G 2 (W F ) 
and H" G G(Wf)), then the following exact sequence can be constructed recursively: 

( 7 ) = — > K — > G ® R F 1 ^ G ® R F 2 — > 

X K> 

" " " " " x 
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From the middle row of the above push-out diagram and (/i), we get Vc{R) -L K and 
Tc{R) T K' by Proposition 3.2, Lemma 2.14 and Lemma 4.2. Then we have that 
(77) is HoniR('Pc(-R), — ) and 2c(R) ®r — exact. So is (7). Assembling the sequence 
(a), ((3) and (7), we get the following exact sequence in i?-Mod: 

> C (Sir Pi — > C (8>r Pq — > C (8>ij F° — > C (%>r F 1 — > ■ ■ ■ 

such that M = im(C® R P -> C<g> R F°) and that Rom R (V c {R), -) and Xc(#) leave 
it exact. It follows that M G Q(Wf)- 

Indeed, since M' G 5 2 (Wf), there exists a short exact sequence -> M' -)• # -)• M" ->■ 
in P-Mod with # G £(Wf) and M" G 5 2 (Wp). Now consider the following push-out 
diagram: 







^ M' + K ^ G' 



+ H ^ H' ^ G' ^ 



M" = M" 







From the middle row of the above diagram, we know H' G G(Wf) by Corollary 3.6. Then 
there exists a short exact sequence — > H' -> C ® R F ->■ H" —> in i?-Mod with F flat 
and H" G 6(Wj?). Consider another push-out diagram: 
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*■ K *■ H' M" > 

> K > C ®r F > K' > 

H" = H" 

" 



It is trivial that the third column in the above diagram is as desired. This completes our 
proof. □ 

The following corollary is an immediate consequence of Theorem 3.4 and Theorem 4.5. 

Corollary 4.6. Let R be a GF-closed ring. We have Q n {QT c {R) n B C (R)) = QFc{R) n 
B C {R) for alln^l. 

Note that the next result on the class of Gorenstein flat modules is of [17, Theorem 4.3] 
or [3, 1.2] when we set C = R. 

Corollary 4.7. Let R be a GF-closed ring. We have G n {F) = QiJ 7 ) for all n ^ 1. 
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